We consider one-dimensional cellular automata Fp,q which multiply numbers by p/q in base pq for relatively prime integers p and q. By studying the structure of traces with respect to Fp,q we show that for p ≥ 2q − 1 (and then as a simple corollary for p > q > 1) there are arbitrarily small finite unions of intervals which contain the fractional parts of the sequence ξ(p/q) n , (n = 0, 1, 2, . . . ) for some ξ > 0. To the other direction, by studying the measure theoretical properties of Fp,q, we show that for p > q > 1 there are finite unions of intervals approximating the unit interval arbitrarily well which don't contain the fractional parts of the whole sequence ξ(p/q) n for any ξ > 0.
Introduction
In [11] Weyl proved that for any α > 1 the sequence of numbers {ξα i }, i ∈ N is uniformly distributed in the interval [0, 1) for almost every choice of ξ > 0, where {x} = x − ⌊x⌋ is the fractional part of x. In particular, {{ξα i } | i ∈ N} is dense in [0, 1) for almost every ξ > 0. However, this doesn't hold for every ξ > 0, and it would be interesting to know what other types of distribution the set {{ξα i } | i ∈ N} can exhibit for different choices of ξ. As a special case of this problem, in [8] A natural approach to the emptiness problem of Z 3/2 ([0, 1/2)) is to seek sets S as small as possible such that Z p/q (S) = ∅ and sets S as large as possible such that Z p/q (S) = ∅ (for previous results, see e.g. [1] [2] [3] [4] ). In this paper we prove that for p ≥ 2q − 1 and k > 0 there exists a union of q 2k intervals I p,q,k of total length at most (q/p) k such that Z p/q (I p,q,k ) is non-empty. From this it follows as a simple corollary that for p > q and ǫ > 0 there exists a finite union of intervals J p,q,ǫ of total length at most ǫ such that Z p/q (J p,q,ǫ ) is non-empty. On the other hand, for p > q and ǫ > 0 we prove that there exists a finite union of intervals K p,q,ǫ of total length at least 1 − ǫ such that Z p/q (K p,q,ǫ ) is empty. The proofs of emptiness and non-emptiness are based on the study of the cellular automaton F p,q that implements multiplication by p/q in base pq. This cellular automaton was introduced in [7] in relation with the problem of universal pattern generation and the connection to Mahler's problem was pointed out in [6] .
Preliminaries
For a finite set A (an alphabet) the set A Z is called a configuration space and its elements are called configurations. An element c ∈ A Z is a bi-infinite sequence and the element at position i in the sequence is denoted by c(i). A factor of c is any finite sequence c(i)c(i − 1) . . . c(j) where i, j ∈ Z, and we interpret the sequence to be empty if j < i. Any finite sequence a(1)a (2) . . . a(n) (also the empty sequence, which is denoted by λ) where a(i) ∈ A is a word over A. The set of all words over A is denoted by A * , and the set of non-empty words is A + = A * \ {λ}. The set of words of length n is denoted by A n . For a word w ∈ A * , |w| denotes its length, i.e. |w| = n ⇐⇒ w ∈ A n . Definition 1.1. Any w ∈ A + and i ∈ Z determine a cylinder
The collection of all cylinders over A is
The subscript A is omitted when the used alphabet is clear from the context.
The configuration space A Z becomes a topological space when endowed with the topology T generated by C. It can be shown that this topology is metrizable, and that a set S ⊆ A Z is compact if and only if it is closed. A Z can also be endowed with measure theoretical structure: it is known that there is a unique probability space (A Z , Σ(C), µ), where Σ(C) is the sigma-algebra generated by C and µ : Σ(C) → R is a measure such that µ(Cyl(w, i)) = |A| −|w| for every Cyl(w, i) ∈ C. Note that T ⊆ Σ(C) because C is a countable basis of T , so Σ(C) is actually the collection of Borel sets of A Z . 
for every c ∈ A Z and i ∈ Z.
To every configuration space A Z is associated a (left) shift CA (A, (1), ι), where ι : A → A is the identity function. Put in terms of the CA-function determined by this 3-tuple, the left shift is σ A : 2 The cellular automata G p,q and F p,q
In this section we define auxiliary CA G p,q for relatively prime p, q ≥ 2 and show that they multiply numbers by p in base pq. Then we use G p,q in constructing the CA F p,q which multiply numbers by p/q in base pq, and cover some basic properties of F p,q . Let us denote by A n the set of digits {0, 1, 2, . . . , n − 1} for n ∈ N, n > 1. To perform multiplication using a CA we need be able to represent a nonnegative real number as a configuration in A 
For words w
Clearly real n (config n (ξ)) = ξ and config n (real n (c)) = c for every ξ ≥ 0 and every c ∈ A Z n such that c(i) = 0 for all sufficiently small i and c(i) = n − 1 for infinitely many i > 0.
For relatively prime integers p, q ≥ 2 let g p,q : A pq × A pq → A pq be defined as follows. Digits x, y ∈ A pq are represented as x = x 1 q + x 0 and y = y 1 q + y 0 , where x 0 , y 0 ∈ A q and x 1 , y 1 ∈ A p : such representations always exist and they are unique. Then
An example in the particular case (p, q) = (3, 2) is given in Figure 2 . 
) implements multiplication by p in base pq in the sense of the following lemma. We also define G p,q (w) for words w = w (1)w(2) . . . w(|w|) such that |w| ≥ 2:
Inductively it is possible to define G t p,q (w) for every t > 0 and word w such that |w| ≥ t + 1:
Clearly the shift CA σ Apq multiplies by pq in base pq and its inverse divides by pq. This combined with Lemma 2.1 shows that the composition
is given by the local rule f p,q defined as follows:
The CA function F p,q is reversible: if c ∈ A Z pq is a configuration with a finite number of non-zero coordinates, then
Since F p,q • F q,p is continuous and agrees with the identity function on a dense set, it follows that F p,q (F q,p (c)) = c for all configurations c ∈ A Z pq . We will denote the inverse of F p,q interchangeably by F q,p and F −1 p,q . As for G p,q , we define F p,q (w) for words w = w(1)w (2) . . . w(|w|) such that |w| ≥ 3:
and F t p,q (w) for every t > 0 and word w such that |w| ≥ 2t + 1:
(see an example in Figure 3) .
By the definition of F p,q , for every c ∈ A Z pq and every i ∈ Z the value of F p,q (c)(i) is uniquely determined by c(i − 1), c(i) and c(i + 1), the three nearest digits above in the space-time diagram. Proposition 2.5 gives similarly that each digit in the space-time diagram is determined by the three nearest digits to the right (see Figure 4) . Its proof is broken down into the following sequence of lemmas.
Figure 4: Determination of digits in the space-time diagram of c with respect
Proof. Let x = x 1 q + x 0 , y = y 1 q + y 0 and a = a 1 q + a 0 . Then
Proof. . It suffices to show that e(0) is uniquely determined by F q,p (e)(1), e(1) and F p,q (e)(1). Since F p,q (e)(1) = f p,q (e(0), e(1), e(2)), by Lemma 2.4 e(1) and F p,q (e)(1) determine the value of e(0) modulo q (see Figure 2 .5, left). Similarly, because F q,p (e)(1) = f q,p (e(0), e(1), e(2)), by the same lemma e(1) and F q,p (e)(1) determine the value of e(0) modulo p (Fig. 2.5 , middle). In total, F q,p (e)(1), e(1) and F p,q (e)(1) determine the value of e(0) both modulo q and modulo p (Fig. 2.5, right) . Because e(0) ∈ A pq , the value of e(0) is uniquely determined. 
Traces of configurations
For ξ ≥ 0 we are interested in the values of {ξ(p/q) i } as i ranges over N. In terms of the configuration config pq (ξ) these correspond to the tails of the configurations F i p,q (config pq (ξ)), i.e. to the digits F i p,q (config pq (ξ))(j) for j > 0. Partial information on the tails is preserved in the traces of a configuration. In this section we study traces with respect to F p,q to prove in the case p ≥ 2q − 1 the existence of small sets S such that Z p/q (S) is non-empty, and then as a corollary for all p > q > 1. 
In the special case k = 1, we denote Tr p,q (c, 1) = Tr p,q (c).
A k-trace of c is simply the sequence of digits in the k-th column of the space-time diagram of c with respect to F p,q (see Figure 6 ). The following is a reformulation of Proposition 2.5 in terms of traces (see Figure 7 ). 
and thus b ≡ j d (mod q).
Based on the previous lemma, we define a special set of digits
where the digits k d are as above. Let us assume to the contrary that there are distinct digits As in the introduction, for relatively prime p > q > 1 and any S ⊆ [0, 1) we denote
In [1] it was proved that if p, q > 1 are relatively prime integers such that p > q 2 , then for every ǫ > 0 there exists a finite union of intervals J p,q,ǫ of total length at most ǫ such that Z p/q (J p,q,ǫ ) = ∅. We extend this result to the case p > q > 1, which in particular covers p/q = 3/2. The following theorem by Akiyama, Frougny and Sakarovitch is needed. 
and k d ∈ A p are as in Lemma 3.4.
Theorem 3.9. If p ≥ 2q − 1 and k > 0, then there exists a finite union of intervals I p,q,k of total length at most (q/p)
Proof. Let k > 0 be fixed and choose any ξ ′ ∈ Z p/q (X p,q ), where X p,q is the set in the previous corollary. Let ξ = ξ ′ (pq) −(k−1) (p/q) k−1 and denote c = config pq (ξ). Based on c we define a collection of words (I p,q,k ) by the definition of W . Each interval in I p,q,k has length (pq) −k , so to prove that the total length of
from which it follows that Tr p,q (c, k)(i) ∈ D p,q for every i ≥ −(k − 1). Thus, the words in the set
p,q , and by Corollary 3.3 and Lemma 3.6
Remark 3.10. The set I p,q,k constructed in the proof of the previous theorem is a union of q 2k intervals, each of which is of length (pq) −k . Proof. Choose some n > 0 such that p n ≥ 2q n − 1. Then by the previous theorem there exists a finite union of intervals I 0 of total length at most η = ǫ(p − 1)/(p n − 1) such that Z p n /q n (I 0 ) = ∅. For 0 < i < n define inductively
each of which is a finite union of intervals of total length at most
i=0 I i is a finite union of intervals of total length at most
Ergodicity of F p,q
In this section we study the measure theoretical properties of F p,q to prove the existence of large sets S such that Z p/q (S) is empty. 
Proof. Let C ∈ C be such that 0 < µ(C) < ǫ/2. By continuity of F , B = 
To apply this lemma in our setup, we need to show that F p,q is ergodic for p > q > 1. In fact, it turns out that a stronger result holds.
Definition 4.5. A measure preserving CA function
for every U, V ∈ Σ(C).
We will prove that F p,q is strongly mixing. For the statement of the following lemmas, we define a function int :
i.e. int(w) is the integer having w as a base pq representation.
Lemma 4.6. Let w 1 , w 2 ∈ A k pq for some k ≥ 2 and let t > 0 be a natural number. Then Proof. Firstly, because F p,q is surjective, the fact that F p,q is measure preserving follows from Theorem 5.4 in [5] . Then, by Theorem 1.17 in [10] it is sufficient to verify the condition Next, we estimate the number of words w = w 1 w 2 w 3 in W t . In any case, to satisfy condition (2), w 2 must equal v 2 . Then, for any of the (pq) t+i choices of w 1 , the number of choices for w 3 that satisfy condition (1) p,q (C 1 ) ∩ C 2 ) = (pq) −l1−l2 = µ(C 1 )µ(C 2 ).
